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Abstract. Mechanical and electromagnetic relations involved in the Trouton—Noble paradox
are analysed on the basis of special relativity theory as well as on the basis of Maxwellian
electrodynamics. Itis shown that the paradox only arises when not all dynamical effects associated
with the moving capacitor used by Trouton and Noble are considered. Crucial for the resolution of
the paradox is the fact that the forces and torques in an electromagnetic system involving moving
charge distributions are associated with both the mechanical momentum and electromagnetic
momentum of the system. Once the electromagnetic momentum of the moving capacitor is properly
taken into account, the paradox disappears.

1. Introduction

In 1903, Trouton and Noble [1] carried out an electromagnetic experiment, originally suggested
by Fitzgerald [2], designed to detect the motion of the earth through the ether. Calculations
based on considerations of the electromagnetic energy in the moving capacitor appeared to
show that, because of the earth’s motion relative to the ether, a freely suspended charged
parallel-plate capacitor should tend to orient itself so that its plates would be perpendicular
to the direction of the earth’s velocity. In spite of the great sensitivity of their apparatus,
Trouton and Noble observed no tendency of the capacitor to rotate or to assume any preferred
orientation.

From the standpoint of Maxwellian electromagnetic theory this result appeared to be
inexplicable, and the Trouton and Noble experiment, just as the Michelson—Morley experiment,
was partly responsible for the general acceptance of Einstein’s special theory of relativity soon
after its publication in 1905. According to the relativity principle enunciated by Einstein,
since a charged capacitor at rest does not experience a torque, a charged capacitor moving with
uniform speed along a straight line should not experience a torque either.

However, there still remained two serious problems with the negative outcome of the
Trouton and Noble experiment and with the relativistic explanation of the outcome. First, since
Maxwell’s equations satisfy the principle of relativity, Maxwellian electrodynamics should lead
to the same result as the theory of relativity, and the theory of relativity should not contradict
Maxwellian electrodynamics. Second, relativistic transformation equations for forces and
torques appeared to indicate that, contrary to the relativity principle, a moving capacitor should
experience a torque. Thus the relativity principle provided at best only a partial explanation
of the negative result of the Trouton and Noble experiment, and, in the absence of a complete
explanation, this result became known as the ‘“Trouton and Noble paradox’.

Although the Trouton and Noble paradox has been frequently discussed in the literature,
and several explanations of the paradox had been proposed [3-5], a complete and definitive
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Figure 1. (a) A parallel-plate capacitor at rest in a rectangular system of coordinadeshé

force F>’, and the lever arm;, in the stationary capacitor are needed for relativistic calculations of
the torque acting on a moving capacitor. (The direction of the torque on the moving capacitor is
oppositeto the direction indicated bF}( andr, in this figure; see text.)

resolution of the paradox appears to be either nonexistent or not generally known. In standard
books on electromagnetic theory and relativity, the paradox is explained in terms of plausibility
arguments based on considering electric and magnetic forces acting betwegeint charges
located at the ends of a moving rod; the mechanical or electromagnetic relations in a moving
capacitor are not discussed at all [6—-11]. And even if the electromagnetic relations in a moving
capacitor are discussed, a resolution of the paradox is not provided; instead, the question of
the correct expression for the electromagnetic energy in the moving capacitor is debated [12].

Clearly then, a rigorous theoretical analysis of mechanical and electromagnetic relations
involved in the Trouton—Noble’s experiment is highly desirable. Such an analysis is presented
in this paper.

2. The Trouton—Noble paradox as a relativistic (mechanical) paradox

Consider a thin parallel-plate capacitor at rest in an orthogonal system of coordinates as shown
in figure 1. According to Trouton and Noble, this capacitor should experience a torque when
the capacitor is allowed to move. Let us assume that the capacitor moves with uniform velocity
v in the positive direction of the-axis, and let us find the torque acting on the moving capacitor

by using relativistic transformation equations. For this purpose we shall take as the axis of
rotation a straight line parallel to theaxis and passing through the middle of the negative
plate. By the symmetry of the system, the torque on the capacitor must then be due to the forces
acting on charges located on the positive plate, and the point of application of the resultant of
these forces must be the midpoint of this plate. The relativistic transformation equations for
the torque are [13]

T =Ty 1)
Ty =T, + (v*/c*)r,F] @)
T. =T, — (W*/c*)r,F] ®)

whereT, T, T, are the components of the torque acting on the moving capagitof;;,

T/ are the components of the torque acting on the stationary capaciterl — v?/c?)~%/2,
c is the velocity of light,F, F}, F, are the components of the force acting on the positive
plate of the stationary capacitor, and r}, r; are the components of the lever arm joining
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the axis of rotation with this force. Since the torque on the stationary capacitor is zero, since
the force acting on the positive plate of the stationary capacitor (electrostatic attraction to the
negative plate) has np component, and since the force acting on the positive plate of the
stationary capacitor does have @omponent (see figure i)}, equations (1)—(3) reduce to a
single equation

T. = —(v%/c*)r,F. )

We have thus obtained a paradoxical result: contrary to the relativity principle, although
our stationary capacitor experiences no torque, the same capacitor moving with uniform
velocity along a straight line appears to experience a torque. What makes this result especially
surprising is that we have arrived at it by using relativistic transformations that are based on
the very same relativity principle with which they now appear to conflict.

To complete our calculations, let us express the torque given by equation (4) in terms
of the electric and geometrical quantities pertaining to our capacitor. Let the surface charge
density on the capacitor’s platesdglet it be uniform, let the distance between the capacitor’s
plates bez, and let the surface area of the capacitor’s plate$.bdleglecting edge effects,
the electric field produced by the negative plate of the capacitor at the location of the positive
plate is

E_ = - (sini — costy) (5)
280

wheree is the permittivity of space andandj are unit vectors in the direction of the and
y-axis, respectively. The force acting on the positive plate is then

qo . . . o%S .
F=gE_= —(sinfi —coshj) = —(sinfi — cosby) (6)
2¢g0 2¢gq

whereg is the total charge residing on the positive plate. For reasons which will become clear
later, we shall rewrite equation (6) as

E2S
F="2

(sinfi — cosby) @)

whereE. is the electric field between the capacitor’s plates (observeithat o /).
For | in equation (4) we then have

, SoECZS
Fy=- 5 cosf (8)
and forr, we have, according to figure 1,
r. = —asing. 9)

Substituting equations (8) and (9) into equation (4), we obtain for the torque acting on the

moving capacitor

goV?E%V
4c2

whereV is the volume of the capacitok is a unit vector along the-axis, and where we

have used the relation ghrtosd = (sin2)/2. As can be seen from this equation, when the

capacitor shown in figure 1 is moving, it should experience a torque causing it dokwise

and forcing its plates to orient themselves parallel to its line of motion (parallel to the velocity
vectorv).

T=- sin Yk (20)
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Figure 2. (a) A parallel-plate capacitor of surface argand plate separatianmoves with velocity

v parallel to ther-axis. @) The negative plate of the moving capacitor creates a magnetic field at
the location of the positive plate. The magnetic field exerts a félc@n the charges carried by
the positive plate. This force produceslackwisetorque on the capacitor.

3. The Trouton—Noble paradox as an electrodynamic paradox

Trouton and Noble performed their experiment before the advent of the special relativity theory,
and their calculations were based on the prerelativistic Maxwellian electrodynamics. Letus see
what Maxwellian electrodynamics can tell us about the torque acting on a moving capacitor.
Consider a thin parallel-plate capacitor (figur@)2(moving with velocityv = vi relative to

an orthogonal system of coordinates. Let the surface charge density on the capacitor’s plates
beo, let it be uniform, and let the surface area of the capacitor’s platés beglecting edge
effects, the electric field produced by the negative plate of the capacitor at the location of the
positive plate is

E_ = 2 (singi — cosvy). (11)
280
SinceE_ is moving, it creates a magnetic flux density field [14]
vX E_
B_ = =2 (12)

or, using equation (11),

vo
B_= -k

Po0c? cOosh. (13)

Moving through this field, a charge elementlS on the positive plate of the capacitor
experiences a magnetic force (Lorentz force)

0252
dF, = 0 dS(w x B_) = j =2 cosA dS (14)
2e0c?
or
2E?
dF, = 2% < coso ds (15)
2c?

whereE, = o/¢gq is the electric field between the capacitor’s plates. As we shall presently
see, the force given by equation (15) creates a torque on the moving capacitor.

To find the torque, let us take as the instantaneous axis of rotation a line passing through
the middle of the negative plate parallel to thaxis; observe that the electric forces acting on
the two plates create no torque relative to this axis because, by the symmetry of the system, the
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resultant electric force on each plate passes through this axis. Integrating equation (15) over
the surface of the positive plate, we obtain for the total magnetic force acting on this plate

22 252
By =j / 80262’50 cosd ds = % coshj. (16)

By the symmetry of the system, this force, being the resultant of the magnetic forces acting
on all the surface elements of the positive plate, is applied to the centre of the plate, as shown
in figure 2p). The lever arm of this force with respect to the instantaneous axis is

a = —asinfi+acosbj. a7

By equations (16) and (17), the torque acting on the positive plate is therefore
2E2S
T=axF,= _ 980 % ging cosok (18)
2c2
or
212
gV EZV .
T= a2 sin Yk (29)

whereV = aS is the volume of the capacitor aridis a unit vector in the direction of the
z-axis. (There is also a magnetic force acting on the negative plate. It is equal and opposite
to the magnetic force acting on the positive plate. However, it creates no torque relative to the
instantaneous axis because the resultant of this force is applied to the centre of the negative
plate and therefore passes through the axis.) Observe that equation (19) is exactly the same as
equation (10) which we found in section 2 by using very simple relativistic transformationst.
Thus, also according to direct nonrelativistic electromagnetic calculations, the moving
capacitor should experience a torque forcing its plates to orient themselves parallel to

4. The resolution of the paradox

An interaction of moving charges is a complex process involving not only the electric and
magnetic fields at the location of the charges but also the entire electromagnetic field of the
system. This electromagnetic field is a carrier of electromagnetic momentum. As the capacitor
moves, the electromagnetic field created by the capacitor’'s charges changes its position in space,
and so does the electromagnetic momentum. The rate of change of electromagnetic momentum
at a point is equivalent to an additional force acting at this point. Thus, in order to obtain a
complete picture of the dynamical effects associated with the moving capacitor, we must take
into account not only the explicit electric and magnetic forces acting on the charges carried by
the capacitor, but also the system’s electromagnetic momentum. In so doing, however, we must
differentiate between the field-producing and field-experiencing charges as well as between
the electric and magnetic fields associated with the field-producing and the field-experiencing
charges [15].
The density of electromagnetic momentum in an electromagnetic field is [16]
ExH ExB

IT AT T e
whereyu is the permeability of space and where we have uged = 1/c?. We are interested
inthe electromagnetic momentum created by the interaction of the magnetic field of the negative
plate with the electric field of the positive plate of the capacitor, since the torque that we have
calculated in sections 2 and 3 is due to the forces acting on the positive plate.

=¢FE x B (20)

T This serves as an excellent example of the power of relativistic transformations and of the compatibility of
Maxwellian electrodynamics with special relativity theory.
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Figure 3. As the capacitor moves, the electromagnetic momentum
G at the positive plate of the capacitor changes and produces
a counterclockwisetorque on the capacitor. Since this torque
counterbalances the torque produced by the magnetic force acting
on the plate, the capacitor does not turn.

The electric field produced by the positive plate in front of itself is
E.; = —(sindi — cosdy) 1)
280
and the electric field produced by the positive plate behind itself is
E.p = ——(sini — coshj). (22)
280

Using equations (20), (21), and (13), we obtain for the density of the electromagnetic
momentum associated wifi, » and B_ in front of the positive plate

vo?(cog B + cosd sinbj)

= go(E B.) = 23
gr =¢o(Esp x B_) deoc? (23)
which we can write as
eov E? cosf (cosfi + sindj)
g5 = - (24)

462
Observe thay ; is directed upward along the positive plate and is perpendicular to
Using equations (20), (22) and (13), we similarly obtain for the density of the
electromagnetic momentum associated Wit) and B_ in the back of the positive plate
eov E? cosf (cosfi + sindj)
_ " ]
Observe thay, is directed downward along the positive plate and is perpendicutar to
As the capacitor moves, a region of space originally in front of the positive plate is how
behind this plate, and the density of electromagnetic momentum in this region of space changes
from that given by equation (24) to that given by (25). The total change of the momentum
density in this region (final density minus initial density) is therefore
eovE? cost (coshi + sindj)
2c2 '
Note thatg is directed downward along the positive plate and is perpendicutar to
During a time interval dthe capacitor moves through a distanee=d v dz. The volume
of space adjacent to the positive plate in which the density of the electromagnetic momentum
changes during this time interval is therefore (see figure 3)

dV =vSsind dt 27)

and the electromagnetic momentum that has experienced a change during this time interval is,
by equations (26) and (27),

gr = (25)

9=0w—gif = — (26)

gov?E2S sing cosd (coshi + sind5) ds

dG = gdV = —
g 2c2

(28)
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According to equation (28), the magnitude @&ds simply (note that cd9 + sirf 6 = 1)

gov?E2S sind cosd dr — eov?E2Ssin 2

2c2 42
Sinceg, and therefore @, are perpendicular @, theangularelectromagnetic momentum that
has experienced a change during the time intemvabdluated with respect to the instantaneous
axis defined above is

dG =

dr. (29)

agov?E2Ssin 2 Ak — eov?E2Vsin dr k (30)
46‘2 402
whereV = aSisthe volume of the capacitor. The rate of change of the angular electromagnetic
momentum is therefore
I egu’E%V
at  4c?

(Of course, the electromagnetic momentum also changes in the space adjacent to the
negative plate of the moving capacitor. However, since the momentum in this space, just as
the momentum in the space adjacent to the positive plate, is parallel to the plate, and since the
volume element in which the momentum experiences a change is adjacent to the negative plate
and thus is adjacent to the axis of rotation, there is no angular momentum associated with the
change of electromagnetic momentum there.)

The torque given by equations (10) and (19), and hence the rate of changeandthar
mechanical momentumssociated with this torque, is equal in magnitude and opposite in
direction to the rate of change of ttengular electromagnetic field momentugiven by
equation (31). Clearly then, the rate of change of the angular electromagnetic field momentum
associated with the moving capacitor completely balances the rate of change of the angular
mechanical momentum of the capacitor, conservettiabangular momentum of the systems
and prevents the capacitor from rotatingt. Needless to say that neither the torque nor the rate
of change of the angular momentum depends on the location of the axis of rotation, so that our
result is perfectly general.

dI =a x dG = adGk =

sin Yk. (31)

5. Discussion

The calculations presented above, based on relativistic transformations as well as on
Maxwellian electromagnetic theory, show that the capacitor in the Trouton—Noble experiment
should not rotate. Thus there is no disagreement between the results of the Trouton—Noble
experiment and the theory of the experiment.

However, there is a disagreement between our calculations and those of Trouton and
Noble. First, the direction of the torque given by our equations (10) and (19) is opposite to that
found by Trouton and Noble. Second, the magnitude of the torque given by our equations (10)
and (19) is only% of the magnitude found by Trouton and Noble. There is, of course, little
doubt that Trouton and Noble’s calculations, which were based on the presumed variation of
the electromagnetic energy in the moving capacitor, are wrong. The precise error of their
calculations is, however, somewhat uncertain. Generally speaking, it is based on the incorrect
assumption that the energy of the moving capacitor is increased due to the appearance of the
magnetic energy associated with the magnetic field in the capacitor. Actually, the magnetic

T An example of an opposite relation between the mechanical and electromagnetic momentum is presented by the
‘Feynman’s disc paradox.” There, a charged disc, initially at rest, begins to rotate and thus acquires a mechanical
angular momentum at the expense of the initially present but disappearing angular electromagnetic field momentum.
See [17].
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field decreasethe electromagnetic energy in the capacitor by weakening the attraction between
the capacitor’s plates. Furthermore, the exact expression for the electromagnetic energy in the
moving capacitor appears to be questionable, and different authors have suggested different
expressions for itf.

Until the energy question is resolved, we cannot give a definitive analysis of the Trouton
and Noble calculations. However, as far as the Trouton—Noble paradox is concerned, such an
analysisis notneeded. The paradox does notreally exist. As has been shown inthis paper, there
is no disagreement between the principle of relativity, relativistic transformations, Maxwellian
electromagnetic theory, and the negative outcome of the Trouton—Noble experiment.
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